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Abstract 

Let G be a group and let be a family of subgroups of G closed under 
conjugation. For a positive integer n, let G„ denote a cyclic group of order n. 
We show that if there exists an integer n such that every group in T is Cn-cellular 
and has hnite exponent diving n, then the active sum S' of V is C^-cellular. We 
obtain a couple of interesting consequences of this result, using results about 
cellularity. Finally, we give different proofs of the facts that Coxeter groups are 
C' 2 -cellular and that many groups of the form SL(n, q) for n > 3 are Gs-cellular. 


Introduction 

The growp theoretical cellularization of a group G was developed by Rodriguez and 
Scherer in [7] as an analogue in the category of groups of the cellularization of spaces. 
In recent years there have been important developments in the subject, as can be 
seen from [6], [5] and P, as well as from other references in the introduction of p. 
On the other hand, the notion of active sum appeared in a paper of Tomas P as a 
generalization of the direct sum of groups, but this time taking into account the mutual 
actions of the groups in question. In its present form, the active sum of an active family 
of subgroups of a group G can be dehned as a certain colimit in the category of groups 
(see Section 1.1. in [2] for details). Proving that a given group is the active sum of a 
family of subgroups is not an easy task, but many examples have been considered in 
0. 0 and P, dealing in particular with the question of when a given group can be 
recovered as the active sum of a family of cyclic subgroups. 

It was during a talk about active sums at the EPFL, that Jerome Scherer observed 
that the active sum of a family of subgroups of G seemed to share some nice properties 
with a cellular cover of G (compare for example Theorem 1 in P with the dehnition 
of active sum, or Lemma 1.5 in P with Lemma 1.5 in P). We will see that being the 
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active sum of a family of cyclic subgroups is in general a stronger condition than being 
cellular for a cyclic group. In Theorem [5l we prove cellularity with respect to a cyclic 
group for the active sum S' of a family of subgroups of (7, subject to certain conditions. 
Using some results about cellularity we obtain two consequences of this, the hrst one 
is about the primes dividing the Schur multiplier of S and the second one regards the 
question of when an A-cellular group, with A cyclic, is (isomorphic to) the active sum 
of a family of cyclic subgroups. As a hnal consequence, we obtain a couple of examples 
of groups which are A-cellular for a cyclic group A. 

1 Definitions and notation 

For the active sum, we take the dehnition given in Section 1.2 of [2], but we consider 
only families with the order given by equality. In this setting, the dehnition can be 
given as in Section 2.1 of [1], that is: 

Definition 1. Let be a family of distinct subgroups of G closed under conjugation 
(VF E , g E G : = g~^Fg E F). The active sum S' of F is the free product of the 

elements of F divided by the normal subgroup generated by the elements of the form 
h~^ ■ g ■ h - with h E Fi, g E F 2 , Fi, F 2 E F (and thus, g’^ E F 2 = h~^F 2 h E F). 

We note that if the family is generating ((IJfgj--^) = there is a surjective 
homomorphism (p : S' —)■ G; see Section 1.2 of [2]. 

Observe that if G is a hnite group, then the active sum of any family of distinct 
subgroups of G, closed under conjugation, is hnite too. 

Notation 2. The letters G, X and Y will denote groups. For a positive integer n, we 
will write: 

i) Gn for a multiplicative cyclic group of order n. 

ii) Gn for {x E G \ = 1}. 

iii) 7r(n) for the set of primes dividing n. If G is a hnite group, then 7r(G) will stand 
for 7r(|G|). 

The Schur multiplier of G, the group H 2 {G, Z), will be denoted by H 2 {G). 

We will take as our dehnition of an A-cellular group the one given in Dehnition 2.2 

of p]. 
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Dofiriition 3 (Dcfiiiitioiis 2.1 Rnd 2.2 in m- Let v4 be a group. A group homomor¬ 
phism / : A —)■ y is called an A-equivalence if the map 

Hom(A, /) : Hom(A, X) Hom(A, Y) 

induced by composition with / is a bijection. The homomorphism / is called an 
A-injection, if Hom(A, /) is an injection, and it is called A-trivial if the image of 
Hom(A, /) consists of only the trivial homomorphism y : A —)■ y, a i—)■ 1. 

A group G is called A-cellular if every A-equivalence is also a G-equivalence; it 
is called A-generated if every A-trivial homomorphism is also G-trivial, and it is 
called A-constructible if for every group T, the condition Hom(A, T) = im¬ 

plies Hom(G, T) = {Ig.t}- 

2 (7^-cellular ity 

Lemma 4. Let m and n he positive integers such that m divides n. 

a) Every Cn-equivalence f : X ^ Y induces a bijection between Xm and Ym- 

b) Every Cm-cellular group is also Cn-cellular. 

Proof, a) Suppose that / : A —)■ y is a Gn-equivalence. Let x and x' be two elements 
of Am such that f{x) = f{x'). If Cn is generated by g., then there are homomorphisms 
hi and h 2 from Cn to A satisfying hi{g) = x and h 2 {g) = x'. The previous equality 
implies fhi = //i 2 , which implies hi = /i 2 and so x = x'. Now, given an element y EYm 
we can define a homomorphism t \ Cn ^ Y which sends g to y. But then there exists 
a homomorphism h : Cn ^ X such that t = fh. By taking xq = h{g), we have that 
/(^^o) = y- Finally, y"^ = 1 implies /(x™) = /(I), but clearly x™ is in A„, since h{g) 
is, and / is injective on this set, so we must have x™ = 1. 

b) Suppose that G is a Gm-cellular group and let / : A ^ y be a Gn-eqnivalence. 
We will show that / is a Gm-equivalence to obtain the result. 

Let ti and t 2 be two homomorphisms from Cm to A and suppose /G = ft 2 . Since 
the images of G and t 2 are contained in Am, and by a) / is injective on this set, we 
have that ti = G- Now let h be a homomorphism from Cm to Y and suppose Cm 
is generated by g. Since the image of h is contained in Ym, there exists and element 
X G Am such that /(x) = h{g). But then we can define t' : Cm —t A by sending to x 
and we have that ft' = h. 

□ 
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Theorem 5. Suppose T is a family consisting of distinct subgroups of G of finite 
exponent and closed under conjugation. If there exists a positive integer n such that 
for every F E iF the exponent of F divides n and F is Cn-cellular, then the active sum 
S of the family F is Cn-cellular. 

Proof. As explained in Section 1, the active sum in this case is the quotient of the 
free product Hf&tF by the normal subgroup IZ generated by elements of the form 

rf^ • r 2 • ri • where ri E Fi E F and rlf^ denotes the conjugation in G. We have 

an epimorphism r : —)■ S. 

Let / : A —>■ y be a Cn-equivalence and h E Hom(S', Y). Composition with r gives 
a homomorphism hr : IIf^tF —)■ Y. By Proposition 7.1 in [T], the group YIf&tF is 
Cn-cellular. Hence there exists a homomorphism t' ; IIf&tF —)■ X such that ft' = hr. 
This implies ft'{rf^ ■ r 2 ■ ri ■ = 1, that is ft'{rf^ ■ r 2 ■ ri) = Now, 

t'{rf^ ■ r 2 ■ ri) and t'^rlf^) are both in Xn, so by the injectivity of / on this set, we have 

t'{rf^ ■ r 2 ■ ri ■ = 1. This means that t' can be extended to t : S ^ X and we 

have ft' = ftr = hr. But r is a surjective homomorphism so ft = h. 

Now suppose ti and t 2 are two homomorphisms from S' to A such that fti = ft 2 . 
Clearly, this gives fpr = ft 2 T. Since Uf^fF is Cn-cellular this implies Hr = t 2 T, and 
we have C = ^ 2 - □ 

Corollary 6. Suppose G is a finite group. Let n be a positive integer and F be a family 
of subgroups of G satisfying the hypotheses in TheoremlB If S is the active sum of F, 
then tt{H 2 {S)) C 7r(n). 

Proof. By the previous theorem, S is Cn-cellular. This implies, by Corollary 4 in [1], 
that H 2 {S) is Cn-constructible. But, using Proposition 4.3.1 of the same reference, one 
can show that if A and K are hnite nilpotent groups, then K is A-constructible if and 
only if 7r(A) C 7r(A). This gives us the result. □ 

Corollary 7. Suppose G is a finite group. Let F be a generating family of subgroups 
of G satisfying the hypotheses in Theorem\B Let ip : S ^ G be the canonical surjective 
homomorphism from the active sum S of F to G. If 7 t{H2{G)) C 7r(n) and ip is a 
Cn-injection, then p is an isomorphism from S onto G. 

Proof. By the previous theorem, S is Cn-cellular. Then, S is Cn-generated, by Propo¬ 
sition 2.3 in pp. The result follows now from Corollary 5.4.3 in [T]. 

□ 


3 Examples 

As a consequence of Theorem [5], we have the following two examples. 
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• Every Coxeter group is C 2 -cellular. 

By Example 2.2.4 in j2], every Coxeter group is the active sum of a family of 
subgroups of order 2. 

• Let n > 3. The group SL(n, q) is Ca-cellular if it is not one of the following: 
SL(3, 2), SL(3, 3), SL(4, 2) and SL(3, 4). 

By Theorem 3.5 in [2], each of these groups is the active sum of a family of 
subgroups of order 3. 

Remark 8. These examples can also be obtained using Corollary 4 and Proposition 

4.3.1 in p. 

Acknowledgements 

Thanks to Jerome Scherer for the fruitful conversations. 

E-mail; nadia.romero @ugto .mx 


References 

[1] W. Chacholski, E. Damian, E. D. Farjoun, and Y. Segev. The A-core and A-cover 
of a group. J. Algebra, 321:631-666, 2009. 

[2] A. Diaz-Barriga, F. Gonzalez-Acuha, F. Marmolejo, and L. Roman. Active sums 

I. Rev. Mat. Complut, 17(2):287-319, 2004. 

[3] A. Diaz-Barriga, F. Gonzalez-Acuha, F. Marmolejo, and L. Roman. Active sums 

II. Osaka J. Math., 43:371-399, 2006. 

[4] A. Diaz-Barriga, F. Gonzalez-Acuha, F. Marmolejo, and N. Romero. Finite meta- 
cyclic groups as active sums of cyclic subgroups. C. R. Acad. Sci. Paris, 352:567-51, 
2014. 

[5] E. D. Farjoun, R. Gobel, and Y. Segev. Gellular covers of groups. J. Pure Appl. 
Algebra, 208:61-76, 2007. 

[6] R. Flores and J. Scherer. Gellularization of classifying spaces and fusion properties 
of hnite groups. J. London Math. Soc., 76:41-56, 2007. 


5 


[7] J. L. Rodriguez and J. Scherer. Cellular approximations using Moore spaces. Co- 
homological methods in homotopy theory (Bellaterra), pages 354-374, 1998. 

[8] F. Tomas. Un analogo de suma directa para sistemas de subgrupos normales. Anales 
del Institute de Matemdticas UNAM, 13:161-186, 1973. 


6 



